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a) This question tests students’ understanding of signal modelling, some basic 
mathematically representation of signals and the shift theorem. (2 marks per part.) 

 
(i) u(t) makes x(t) causal by eliminating the t<0 part of the signal. 

  
(ii)  x(t) is delayed by 4. 

 
(iii)  x(2t – 4) combines compression in time with shifting.  Note: shift right by 4 then 

compress by 2. 

 
 
(iv) x(2-t) combines reflection around t=0 and advancing by 2. 
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FEEDBACK COMMENTS 
 
Most students got (i) and (ii) correct.  A few got all four, but on average, it is 2 to 3 
correct.  (iii) and (iv) are the mostly like to get wrong.   
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Tests student’s understanding of modelling sampled signal with a continuous time delta 
function.  The idea is to link discrete-time signal to continuous-time signal, and 
demonstrate the sampling property of the delta (or Dirac) function. 

 
  𝑦[𝑛] = 4𝛿(𝑡) + 3𝛿(𝑡 − 1) + 2𝛿(𝑡 − 2) + 𝛿(𝑡 − 3) 

 where t = n x Ts, Ts is the sampling frequency, which 1 in this case. 
 
Or: 𝑦[𝑛] = 4𝛿(𝑛𝑇) + 3𝛿(𝑛𝑇 − 1) + 2𝛿(𝑛𝑇 − 2) + 𝛿(𝑛𝑇 − 3), T = 1 
 
 

FEEDBACK COMMENTS: 
 
Most students got this one wrong.  They simply put: 

 
  𝑦[𝑛] = 4𝛿[𝑛] + 3𝛿[𝑛 − 1] + 2𝛿[𝑛 − 2] + 𝛿[𝑛 − 3] 
 
 

The question clearly and explicitly asked for an answer with 𝛿(𝑡), and not 𝛿[𝑛].  Otherwise, it 
makes the question trivial.  Also the sampling frequency no longer matters1 
 
Those that provided the top equation without clearly defining what t is were also awarded full 
marks.  
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Tests student’s ability to linking signal frequency to sampling frequency. 

 
First, 2764.6 rad/sec = 440Hz.  Therefore sampling rate of 3,520Hz is 8 times that of the 
signal frequency.  Hence we have 8 samples in a single cycle of the signal.   
 
90 degrees phase delay makes the signal a sine instead of a cosine.  Hence s[n] is: 
 

 

 
FEEDBACK COMMENTS: 
 
Most students got this one correctly.  Important part of answer is to show that there are 8 
samples per cycle.  Some got the phase wrong, and a few did not show discrete values. 
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This tests student’s ability to perform operations on discrete-time signals. 
 

(i)   
 

 
 

(ii)   

 
FEEDBACK COMMENTS: 
 
Most students found this easy.  A few students took a long time on this trivial question – not 
sure why! 
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This question tests student’s understanding of Fourier transform and rectangular function.  It 
is a slight modification from the notes, but students would still need demonstrate the step 
with the variation from the notes. 
 
a)   

 
 

b)  .   
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sin(𝜔𝜏) = 2𝜏	sinc(ωτ) 
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FEEDBACK COMMENTS: 
 
Most students got this way easily. 
 
A number of students “faked” the answer with missing steps, showing that they clearly worked 
backward from the solution, and did not correct meet in the middle.  
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This question tests student’s understanding of sampling, sampling theorem, aliasing and 
frequency folding.  While the question scenario is fabricated, the actual frequencies 
chosen are based on real owls and bats.  The call spectrum is based on Little owl 
(Athene noctua) that produces a specific sound consists of an upsweep from ~560Hz to 
~1200Hz. The overall spectrum is up to 20kHz.  The bat echolocation frequency could 
be in the range of 11kHz to 200kHz.  Spotted bat (Eudema maculatum) uses rather low 
frequency to seek out moths. It is low enough to cause problem in our scenario for this 
question. 
 
a) Sampling causes the original spectrum to be duplicated at ±fs, ±2fs etc. 

 

 
 
 
 

b) The 15kHz tone is clearly from the bat’s echolocation, aliased to this frequency. The 
folding back is mirroring at ½ fs, or 22.05kHz.   

 
The 15kHz tone is 22.05 – 15 = 7.05kHz below the folding frequency.  Therefore, the 
original unaliased tone must be 22.05 + 7.05 = 29.1kHz. 
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FEEDBACK COMMENTS: 
 
This is a hard questions and very few students got the perfect answer.  Firstly it requires 
deep understanding on how sampling would change the spectrum of the continuous time 
signal.  Many did not show the left and right part of the spectrum at fs and 2fs.  Others 
missed out the sidebands round 88.2kHz. 
 
Nevertheless, many still got b) correct by simply applying the rule of frequency folding. 
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This question tests student’s understanding system modelling with differential equations, Laplace 
transform, transfer function, and the dynamic behaviour of a 2nd order system. 
 

a) 𝑒(𝑡) = '(($)
'$

= '!+($)
'$!

= 𝑏,𝑥(𝑡) − 𝑎-
'+($)
'$

− 𝑎,𝑦(𝑡) 
 

𝑑.𝑦(𝑡)
𝑑𝑡.

+ 𝑎-
𝑑𝑦(𝑡)
𝑑𝑡

+ 𝑎,𝑦(𝑡) = 𝑏,𝑥(𝑡) 
 

b)  

𝐻(𝑠) =
𝑌(𝑠)
𝑋(𝑠)

=
𝑏,

𝑠. + 𝑎-𝑠 + 𝑎,
 

 
c) For 2nd order system, 

𝐻(𝑠) = 𝐾
𝜔,.

𝑠. + 2𝜁𝜔,𝑠 + 𝜔,.
=

100
𝑠. + 20𝑠 + 100

 

Hence, we have: 
Resonant frequency   𝜔/ = √100 	= 	10 rad/sec or 1.59Hz 
 
Damping factor    𝜁 = !"

#!
= 1  i.e. critically damped 

 
DC gain    𝐻(0) = !""

!""
= 1. 

 
d) Gain is 𝐻(𝑠)|01"#= -,,

(-,,!#!)2".,#
.   

 
𝜔 = 1,  gain =  !""

!"!
≈ 1 

 
𝜔 = 10,  gain =  !""

#$""
= 0.5 
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FEEDBACK COMMENTS: 
 
Many students found a) difficult and try to write a few equations down as proof.  Everyone 
found b) easy.  With c) many students forgot to specify the unit of the natural frequency 
which can be in rad/sec or in Hz. 
 
Most found d) easy, but some failed to calculate the absolute gain. 
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This question tests student’s understanding of discrete-time systems, impulse 
response, transfer function in the z-domain, difference equation and the idea of 
convolution. 
 
a)  

 
 
 

b) Transfer function is: 
 

𝐻[𝑧] = 1 + 2𝑧!- + 2𝑧!. + 𝑧!3 
 
c) Graphical method shown here. 
Output is: 
 
  
y[0] = 3, y[1] = 8, y]2] = 11, y[3]= 9, y[4]=4, 
y[5]=1, y[6] = 0. 
 
 
 
FEEDBACK COMMENTS: 
 
Most students got this perfectly, 
demonstrating that they mastered the idea 
of convolution. 
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This tests student’s understanding of basic feedback system. 
 

a) The DC gain is 10, and the time constant is 0.1sec. 
 

b) The closed-loop transfer function is: 

𝐻(𝑠) =
𝑌(𝑠)
𝑋(𝑠) =

𝐶(𝑠)𝐺(𝑠)
1 + 𝐶(𝑠)𝐺(𝑠) 

 

=

10𝐾"
1 + 0.1𝑠

1 +
10𝐾"
1 + 0.1𝑠

=
10𝐾"

1 + 0.1𝑠 + 10𝐾"
=

10𝐾"
(1 + 10𝐾") + 0.1𝑠

 

 
c) Using final-value theorem, steady-state error is given by:  lim

$→%
𝑒(𝑡) = 5

-26(,)
,  

where L(0) is the loop gain at s=0.  
 
Given, Kp = 20 , lim

$→%
𝑒(𝑡) = 5

-2.,,
= 0.025. 

 
The closed-loop transfer function can be re-written as: 
 

𝐻(𝑠) =
10𝐾"

(1 + 10𝐾") + 0.1𝑠
=

10𝐾"
1 + 10𝐾"

1 + 0.1
1 + 10𝐾"

𝑠
 

This is a first-order system with a time constant of 𝜏/ =
0.1

121037
.  

 
Therefore the time constant is reduced from 0.1sec to around 0.5msec. 
 

FEEDBACK COMMENTS: 
Most students could do a) and b), but some found c) difficult. 


